QUEUING THEORETICAL ANALYSIS
We will use the two-moment parametric decomposition approximation for the waiting (flow) times in (open) queueing networks. See, for example, Kuehn (1979) , Shanthikumar and Buzacott (1981) , Whitt (1982 Whitt ( , 1983 , Albin (1984) , and Buzacott and Shanthikumar (1993) .
In addition, many papers use the decomposition approximation in case of batch arrivals and batch processing in queuing networks. See, for example, Whitt (1983) , Shanthikumar and Buzacott (1985) , Segal and Whitt (1988) , Bitran and Tirupati (1989) Hopp and Spearman (2000) , Curry and Deuermeyer (2002) , Meng and Herague (2004) .
The system consists of a two-stage (sequential) shop. Stage 1 concerns one (batch) machine and stage 2 is made up of a number of identical machines in parallel ( S ), each with a buffer in front. The system serves a number of job families, with identical characteristics. Also see Van der Zee et al. (2011) for more details (especially, Section 3 and Figure 1 ). The notation for the parameters and variables is described in the Appendix.
Operational characteristics of the first (batch) stage.
Before individual jobs of a family arrive in the joint queue in front of the machine, batches of j k jobs are formed. This causes a mean wait-to-batch delay of family j :
The wait-to-batch delay is equal for all families because ,1 j λ λ = and increases with the batch size ( j k k = ). Moreover, since we assume that the total arrival rate at the machine remains constant, regardless the number of families (i.e. The family batch arrival rate at stage 1 is:
The squared coefficient of variation (SCV) of the inter-arrival times of batches of family j at stage 1 satisfies:
Next the J families with batch sizes k enter the queue of the machine. The total batch arrival rate is:
For an approximation of the merged SCV we use (see, for example, Bitran and Tirupati 1989) :
The waiting batches in queue of the machine will be served using the First Come First Serve (FCFS) rule. In addition, it will be assumed that the chance of two (or more) family batches of the same type succeeding each other, can be neglected. This implies each batch will require a set-up. The mean processing time of a family j batch becomes
, and is independent of the family type. The SCV of the processing time is:
For the batch waiting time of the first machine, a G/G/1 approximation (see, for example, Buzacott and Shanthikumar 1993) is used:
with the utilization
Immediately after processing, a batch is split into individual jobs that depart to the second stage. Consequently an extra mean waiting time is caused:
The mean flow time of the batch machine (or process) in the first stage consists of three components, the waiting time of a batch in the queue, the processing time and the batch split time:
Adding the wait-to-batch delay [7] gives the total flow time of the first stage:
For 0 k → the batch waiting time becomes infinite. For k → ∞ the waiting time approaches the waiting time of jobs in case of no set-ups. This type of behaviour is similar to Karmarkar (1987) using a simple M/M/1 queueing model. Also Hopp and Spearman (2000) consider a queueing model for one family with constant (not k dependent) SCV for the batch arrival and processing times. In addition, the authors leave out the wait-to-batch delay. The wait-to-batch delay and the batch split waiting increase linearly in k . Consequently, for large k the flow time approaches the line:
In order to compare the operational characteristics in both stages, we will normalize all expressions with respect to the mean processing time 1 p . Then the SCV of the processing time becomes
, and the flow time:
For the approximation of the SCV of the inter-departure times of the first stage we follow Curry and Deuermeyer (2002) . Rewriting the SCV in a more attractive form gives:
The first component is the SCV of the inter-departure times of batches. For 1 k = we get 2 2 1 1 1
, a well known approximation (Whitt, 1984) . In case of no set-up 
Since based on the assumptions the flow times of the parallel machines are equal, we need only to consider only one machine. The mean waiting time is approximated by the expression:
The flow time becomes:
and normalized flow time is:
Since 2 p C is assumed to be constant, the flow time increases in k (because 2 a C does). In addition, 2 n T is a linear function of S . For very large k the flow time approaches to the line:
The total system normalized flow time is denoted by: mean delay due to splitting the batch into individual jobs after processing at first stage T total system mean flow time
